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is investigated. A modiﬁed interaction energy integral method (IEIM) is developed to obtain the mixed-
mode thermal stress intensity factors (TSIFs). Compared with the previous IEIM, the original point of this
paper is: the domain-independence of the modiﬁed IEIM still stands in nonhomogeneous materials with
interfaces under thermal loading. Therefore, the modiﬁed IEIM can still be applied to obtain the TSIFs of
nonhomogeneous material even if the integral domain includes interfaces. The modiﬁed IEIM is com-
bined with the extended ﬁnite element method (XFEM) to solve several thermal fracture problems of
nonhomogeneous materials. Good agreement can be obtained compared with the analytic solutions
and the domain-independence of the IEIM is veriﬁed. Therefore, the present method is effective to study
the TSIFs of nonhomogeneous materials even when the materials contain interfaces. The inﬂuence of the
discontinuity of the material properties (thermal expansion coefﬁcient, thermal conductivity and Young’s
modulus) on the TSIFs is investigated. The results show that the discontinuity of both thermal expansion
coefﬁcient and Young’s modulus affects the TSIFs greatly, while the discontinuity of thermal conductivity
does not arouse obvious change of the TSIFs.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Generally, nonhomogeneous materials consist of two or more
constituent phases, which are designed for speciﬁc functions and
applications. The type of the nonhomogeneous materials which
contain interfaces may be met frequently in engineering. And the
interfaces may induce new difﬁculties in the investigation on frac-
ture behaviors of materials. Although some nonhomogeneous
materials have continuous properties in macroscale, actually, there
also exist more or less materials interfaces in mesoscale, such as
functionally graded materials (FGMs). FGMs are typical nonhomo-
geneous materials which have been used in many ﬁelds (Miyamoto
et al., 1997) for reducing the thermal stress and improving the
mechanical durability. While in fact, FGMs contain material inter-
faces in certain scales since the volume fraction of particles varies
in one or several directions (Birman and Byrd, 2007). It is necessary
to study new methods for the crack problems of nonhomogeneous
materials containing interfaces.
Many researchers have considered various crack problems in
nonhomogeneous materials under thermal loading using different
approaches. Erdogan and Wu (1996, 1997) studied a lot of prob-ll rights reserved.
x: +86 451 86403725.lems of the edge crack and center crack in a graded semi-inﬁnite
strip under thermal and mechanical loading. Noda (1997), Noda
and Jin (1993a,b,1995), Jin and Noda (1994) investigated some
fracture mechanic problems of FGMs subjected to thermal loading.
They revealed that the singularities of the crack-tip ﬁeld in a non-
homogeneous material under thermal stresses are same as those in
a homogeneous material if the material properties are continuous.
Guo et al. (2008a) studied the thermal fracture problem of a func-
tionally graded coating structure with a normal surface crack using
an analytical method. Guo et al. (2008b) also developed the piece-
wise-exponential model (PE model) to investigate the thermal
crack problems of a functionally graded plate (FGP) with arbitrary
thermomechanical properties. The thermal fracture problems of an
interface crack between a graded orthotropic coating and the sub-
strate structure were studied by Chen (2005). Walters et al. (2004)
used J-integral and displacement correlation techniques to evalu-
ate surface cracks in FGMs under mode-I thermomechanical load-
ing. Yildirim (2006) used the equivalent domain integral based on
J-integral for fracture analysis of FGMs and calculated the mode-I
SIFs under steady-state and transient thermal loading conditions.
Dag (2007) evaluated the mixed-mode SIFs and the T-stress in
FGMs under thermal loads by using the Jk-integral. KC and Kim
(2008) conducted the ﬁnite element evaluation of the T-stress
and SIFs in FGMs under thermal loading by interaction energy inte-
gral approach. The thermal shock problems and crack propagation
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researchers (Noda and Guo, 2008; Wang et al., 2004; Wang and
Mai, 2007; Fujimoto and Noda, 2000).
There are many kinds of techniques to obtain stress intensity
factors (SIFs) in homogeneous and nonhomogeneous materials,
such as the displacement correlation technique (DCT) (Shih et al.,
1976), the modiﬁed crack-closure integral (Kim and Paulino,
2002) and the interaction energy integral (Stern et al., 1976). The
interaction energy integral method is formulated on the basis of
conservation laws, which lead to the establishment of a conserva-
tion integral for two admissible states of elastic solid: actual and
auxiliary. The method provides an efﬁcient and accurate numerical
framework for evaluating mixed-mode SIFs in nonhomogeneous
materials (Kim and Paulino, 2005). The interaction energy integral
have been successfully used in evaluating SIFs in nonhomogeneous
materials under mechanical loading (Kim and Paulino, 2003; Gosz
and Moran, 2002; Yu et al., 2009). And some researchers evaluated
the TSIFs in FGMs under thermal loading by using the interaction
energy integral (Chen, 2005; KC and Kim, 2008). But they did not
consider how to evaluate the TSIFs if the integral domain intersects
one interface. Yu et al. (2009) have derived the interaction energy
integral to obtain SIFs in nonhomogeneous materials and they have
proved that the interaction energy integral still valid even when
the integral domain contains material interface. But they did not
consider the thermal fracture problems.
Thus, this paper aims to develop an interaction energy integral
method (IEIM) to evaluate the TSIFs in nonhomogeneous materials
containing an interface under thermal loading. The IEIM needs to
be modiﬁed so that its domain-independence stands even when
the integral domain is intersected by an interface of thermome-
chanical properties.
This paper is organized as follows. In Section 2, a modiﬁed inter-
action energy integral for nonhomogeneous materials with an
interface subject to thermal loading is developed. Section 3 pre-
sents some numerical examples and Section 4 concludes this work.2. Interaction energy integral for thermal loading
2.1. Interaction energy integral for nonhomogeneous materials
without interface
A path-independent form of interaction energy integral is de-
rived for thermally stressed crack problems in this section. The tra-
ditional J-integral (Rice, 1968) is given by
J ¼ lim
C0!0
Z
C0
Wd1j  rijui;1
 
njdC ð1Þ
where nj is the outward normal vector to the contour C0, which
starts from a point on the lower crack face and ends at another
point on the upper crack face, as shown in Fig. 1. And dij is thec
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Fig. 1. Schematic illustration of the contour integrals and domain integrals. Domain
A is enclosed by C2 and C2 ¼ C1 þ Cþc þ C0 þ Cc .Kronecker delta. In Eq. (1), W denotes the strain energy density ex-
pressed as
W ¼ 1
2
rijemij ¼
1
2
rij etij  ethij
 
ð2Þ
here emij is the mechanical strain, etij denotes the total strain,
ethij ¼ aDTdij refers to thermal strain, a represents the thermal
expansion coefﬁcient and DT = T  T0 denotes temperature change
with T0 as the initial temperature.
If there are no tractions on the crack faces, it is easy to prove
that the J-integral can be reduced to the following form on one
closed contour C2
J ¼ lim
C0!0
I
C2
ðrijui;1 Wd1jÞmjqdC: ð3Þ
Here, mj is the outward normal vector to the contour C2,
C2 ¼ C1 þ Cþc þ C0 þ Cc is shown in Fig. 1, and q is an arbitrary
smoothweight functionwith values varying from 1 onC0 to 0 onC1.
Consider two independent equilibrium states of the cracked
body. Let state 1 and state 2 correspond to the actual state and
an auxiliary pure elastic state, respectively. It should be mentioned
that the aim of introducing the auxiliary state is to obtain the
crack-tip TSIFs conveniently. There are several choices for the aux-
iliary ﬁelds. In this paper, the auxiliary displacement and the aux-
iliary stress ﬁelds are deﬁned as
uauxi ¼ KauxI f Ii r1=2; h;ltip;jtip
 
þ KauxII f IIi r1=2; h;ltip;jtip
 
ð4Þ
rauxij ¼ KauxI gIij r1=2; h
 þ KauxII gIIij r1=2; h  ð5Þ
Here, KauxI and K
aux
II are the auxiliary mode I and II SIFs, respectively.
And the representative functions f Ii ; f
II
i ; g
I
ij and g
II
ij (Williams, 1957)
are given in Appendix A and many references, such as Kim and Pau-
lino (2002) and Yu et al. (2009). jtip is a material constant at crack
tip location which is deﬁned as jtip = 3  4mtip for plane strain and
jtip = (3  mtip)/(1 + mtip) for plane stress. Here, ltip and mtip are the
shear modulus and the Poisson’s ratio at crack tip, respectively.
The auxiliary strain ﬁelds eauxij ¼ SijklðxÞrauxkl are adopted, where
Sijkl(x) is the compliance tensor.
Superposition of the two states leads to a new equilibrium state.
By using Eq. (3), the J-integral denoted by J1+2 corresponding to the
new state can be expressed as
J1þ2 ¼ lim
C0!0
I
C2
rij þ rauxij
 
ui;1 þ uauxi;1
 h
 1
2
rik þ rauxik
 
emik þ eauxik
 
d1j

mjqdC ð6Þ
The interactional part in Eq. (6) related to the actual state and aux-
iliary state is called interaction energy integral (Kim and Paulino,
2005). Here, it can be derived as
I ¼ lim
C0!0
I
C2
rauxij ui;1 þ rijuauxi;1  rauxik emikd1j
 
mjqdC ð7Þ
It is known that the relationship between J-integral and the
mode I and mode II SIFs can be given by
J ¼ 1
E0tip
K2I þ K2II
 
ð8Þ
where E0tip ¼ Etip= 1 v2tip
 
for generalized plane stain and E0tip ¼ Etip
for plane stress. Here, Etip and vtip are the Young’s modulus and Pois-
son’s ratio at the crack tip. Superimposing the two states, we can
obtain J1+2 as
J1þ2 ¼ 1
E0tip
KI þ KauxI
 2 þ KII þ KauxII 2h i ð9Þ
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Fig. 2. Schematic illustration of domain integrals with interface.
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integral) of J1+2 in Eq. (9) can be derived as
I ¼ 2
E0tip
KIK
aux
I þ KIIKauxII
  ð10Þ
From Eq. (10), the mode I and mode II SIFs can be evaluated from
the follow relations
KI ¼
E0tip
2
I when KauxI ¼ 1;KauxII ¼ 0 ð11Þ
KII ¼
E0tip
2
I when KauxI ¼ 0;KauxII ¼ 1 ð12Þ
Due to the above relationship, it can be found that the TSIFs can
be obtained easily if the interaction energy integral I is obtained.
Subsequently, we will discuss how to obtain the interaction energy
integral for nonhomogeneous material subject to thermal loading.
In general, the contour integral is converted into an equivalent
domain integral in order to avoid the potential source of inaccuracy
in computation (Moran and Shih, 1987). By using the divergence
theorem, an equivalent domain integral can be deduced from Eq.
(7) as
I ¼ I1 þ I2 ð13Þ
Here
I1 ¼
Z
A
rauxij ui;1 þ rijuauxi;1  rauxik emikd1j
 
q;jdA; ð14Þ
I2 ¼
Z
A
rauxij ui;j1 þ rijuauxi;j1  rauxij;1 emij  rauxij emij;1
 
qdA ð15Þ
According to the relationship of displacement and strain in elastic
mechanics, one may write the ﬁrst term rauxij ui;j1 in Eq. (15) as
rauxij ui;j1 ¼
1
2
rauxij ui;j1 þ uj;i1
  ¼ rauxij etij;1 ¼ rauxij emij;1 þ ethij;1  ð16Þ
Substituting Eq. (16) into Eq. (15), we have
I2 ¼
Z
A
rijuauxi;j1  rauxij;1 emij þ rauxij ethij;1
 
qdA ð17Þ
For further derivation, an extra strain ﬁeld eaux0ij ¼ Stipijklrauxkl is
introduced and the formulation eaux0ij ¼ 12 uauxi;j þ uauxj;i
 
can be got
(Yu et al., 2009). Where Stipijkl is a compliance tensor at the crack
tip. Then, the ﬁrst integrand in Eq. (17) can be written as
rijuauxi;j1 ¼ rijeaux0ij;1 ¼ rijStipijklrauxkl;1 ð18Þ
The second integrand in Eq. (17) can be replaced by
rauxij;1 emij ¼ rauxij;1 Sijklrkl. Finally, the interaction energy integral for the
thermal problem of nonhomogeneous material can be written as
I ¼
Z
A
rauxij ui;1 þ rijuauxi;1  rauxik emikd1j
 
q;jdA
þ
Z
A
rij Stipijkl  SijklðxÞ
 
rauxkl;1
 
qdAþ Ith ð19Þ
where Ith is a new term in the interaction energy integral for the
thermal problem of nonhomogeneous material. According to the
relation ethij ¼ aDTdij; Ith can be expressed as
Ith ¼
Z
A
rauxij e
th
ij;1
 
qdA ¼
Z
A
rauxii a;1ðT  T0Þ þ aT ;1½ qdA ð20Þ
Due to the reason that the domain of the integral is chosen arbi-
trarily around the crack-tip in the above derivation process, the
interaction energy integral for thermal fracture problems is do-
main-independence. The interaction energy integral in Eq. (19)
can be used to compute the TSIFs of the nonhomogeneous material
without interface.2.2. Interaction energy integral for nonhomogeneous materials with an
interface
In this section, we will discuss the interaction energy integral
method for the materials with an interface. As shown in Fig. 2,
there is a perfectly bonded bimaterial interface Cinterface in the do-
main enclosed by the integral contour C2. Domain A is divided by
Cinterface into two parts A+ and A enclosed by the contour C01 and
C02, respectively. Where C01 ¼ C11 þ Cinterface þ C31 þ Cc þ C0 þ Cþc
and C02 ¼ C21 þ Cinterface. The properties and their derivatives in do-
main A+ and A are continuous since the two domains do not con-
tain any interface.
In order to simplify Eq. (7), a tensor P1j is deﬁned as
P1j ¼ rauxik eikd1j  rijuauxi;1  rauxij ui;1 ð21Þ
Thus, the interaction energy integral in Eq. (7) can be expressed as
I ¼ lim
C0!0
I
C2
P1jmjq
 
dC ð22Þ
When the interface intersects the integral path C2, Eq. (22) can be
written as the following form
I ¼ lim
C0!0
I
C2
P1jmjq
 
dC

Z
Cinterface
Pr1jmjqdCþ
Z
Cinterface
Ps1jmjqdC
 !
þ
Z
Cinterface
Pr1jmjqdCþ
Z
Cinterface
Ps1jmjqdC
 !
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Iinterface
ð23Þ
Here, the expressions marked by the superscripts r and s means
that they belong to the domains A+ and A, respectively. According
to Fig. 2, we can ﬁnd that the ﬁrst three terms in Eq. (23) can be
written as
lim
C0!0
I
C2
P1jmjq
 
dC

Z
Cinterface
Pr1jmjqdCþ
Z
Cinterface
Ps1jmjqdC
 !
¼ lim
C0!0
I
C01
P1jmjq
 
dCþ
I
C02
P1jmjq
 
dC
 
ð24Þ
The last two terms in the Eq. (23) can be deﬁned as Iinterface which
can be expressed by using Eq. (21) as
358 L. Guo et al. / International Journal of Solids and Structures 49 (2012) 355–365Iinterface ¼
Z
Cinterface
rauxik e
m
ikd1j  rauxij ui;1  rijuauxi;1
 r
mjqdC
þ
Z
Cinterface
rauxik e
m
ikd1j  rauxij ui;1  rijuauxi;1
 s
mjqdC ð25Þ
Substituting Eq. (24) into Eq. (23) and applying the divergence the-
orem, the interaction energy integral I can be written as:
I ¼
Z
A
rauxij ui;1 þ rijuauxi;1  rauxik eikd1j
 
q;jdA
þ
Z
A
rij Stipijkl  SijklðxÞ
h i
rauxkl;1qdA
þ
Z
Aþ
rauxii a;1 T  T0ð Þ þ aT ;1½ qdA
þ
Z
A
rauxii a;1 T  T0ð Þ þ aT ;1½ qdAþ Iinterface ð26Þ
In order to deal with the interface term Iinterface, an orthogonal
curvilinear coordinates is given. As shown in Fig. 3, for one point
p with the Cartesian coordinates (x1,x2), its orthogonal curvilinear
coordinates are deﬁned as (g1,g2) with
g1 ¼ r m; g2 ¼
Z q
0
dq ð27Þ
The coordinate curve g1 is a straight line parallel to the vector m
which is the outward normal vector to Cinterface at point q. And r
is a vector from point q to p and q on the interface is a point closest
to point p. The corresponding natural base vectors gi of the curvilin-
ear coordinate system are deﬁned by
gi ¼
oxj
ogi
ij i; j ¼ 1;2ð Þ ð28Þ
where ij are the corresponding base vectors of Cartesian coordinates
xj. If the angle from x1-axis to g1-axis is deﬁned as h, the expression
og1
ox1
¼ cosh can be obtained. And m1 = cos h can be got because m1 is
the component of m in x1 direction.
From the deﬁnition of the auxiliary ﬁelds, the auxiliary stress
ﬁelds and the derivatives of the auxiliary displacement ﬁelds
should be equal on the two sides of the interface. Therefore
ðrauxÞr ¼ ðrauxÞs ¼ raux ð29Þ
ouaux
ox1
	 
r
¼ ou
aux
ox1
	 
s
¼ ou
aux
ox1
ð30Þ
The interface integral can be written in tensor form as
Iinterface ¼
Z
Cinterface
raux : emr  ems m1 m  raux
 ou
ox1
	 
r
 ou
ox1
	 
s" #
m  rr  rs   ouaux
ox1
)
qdC
ð31Þ1e
1η
2e
q 
int erfaceΓ
p 
0
2η
1x
2x
Fig. 3. Schematic for an orthogonal curvilinear coordinates.The tractions on both sides of the interface should be equal due to
the equilibrium condition. Namely
rs m ¼ rr m ð32Þ
Since the interface is perfectly bonded, the derivatives of actual dis-
placements with respect to the curvilinear coordinate g2 are equal
on both sides of the interface. That is
ou
og2
	 
r
¼ ou
og2
	 
s
ð33Þ
The temperature ﬁelds on the both sides of the interface are usually
continuous, so we have
Tr ¼ Ts ¼ T ð34Þ
In order to simplify the ﬁrst integrand in Eq. (31), applying the
strain–displacement relations et ¼ 12 ðruþ urÞ and using the sym-
metry of raux, one obtains
raux : emr  ems m1 ¼ raux
: ruð Þr  ruð Þs  ethr  eths h im1 ð35Þ
wherer is the gradient operator (Gosz and Moran, 2002) expressed
by
r ¼ ei
hi
o
ogi
ð36Þ
In this formula, vectors ei are given by ei ¼ gihi, where hi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gi  gi
p
. So,
the ﬁrst integrand in Eq. (31) can be written as
raux : ðemr  emsÞm1
¼ ei  raux  ouogi
	 
r
 ou
ogi
	 
s" #m1
hi
 rauxij ethij
 r
 ethij
 s 
m1 ð37Þ
Using Eq. (33) and m1 = cosh, Eq. (37) can be simpliﬁed as
raux : emr  ems m1
¼m  raux  ou
og1
	 
r
 ou
og1
	 
s" #
cos h
 rauxij ethij
 r
 ethij
 s 
cos h ð38Þ
We can write the second integrand in Eq. (31) by the chain rule as
m  raux  ou
ox1
	 
r
 ou
ox1
	 
s" #
¼m  raux
 ou
og1
	 
r
 ou
og1
	 
s" # og1
x1
þ ou
og2
	 
r
 ou
og2
	 
s" # og2
x1
( )
ð39Þ
Substituting Eq. (33) into Eq. (39), one can obtain
m  raux  ou
ox1
	 
r
 ou
ox1
	 
s" #
¼m  raux  ou
og1
	 
r
 ou
og1
	 
s" #
cos h ð40Þ
According to Eq. (32), the third integrand in Eq. (31) is equal to zero.
That is
m  rr  rs   ouaux
ox1
¼ 0 ð41Þ
yInterface 
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Iinterface ¼
Z
Cinterface
rauxij e
th
ij
 s
 ethij
 r 
cos h
 
qdC ð42Þ
By using ethij ¼ aDTdij and Eq. (34), Iinterface can be expressed as
Iinterface ¼
Z
Cinterface
rauxii a
s  ar  T  T0ð Þ cos h qdC ð43Þ
If the material is subjected to pure mechanical loading, namely,
DT = 0, it can be obtained that Iinterface = 0 which is of the same form
as that given by Yu et al. (2009). By substituting Eq. (43) into Eq.
(26), the form of the interaction energy integral for the material
with an interface under thermal loading can be obtained as
I ¼ Imechanical þ IthAþ þ IthA þ Iinterface ð44Þ
In Eq. (44)
Imechanical ¼
Z
A
rauxij ui;1 þ rijuauxi;1  rauxik eikd1j
 
q;jdA
þ
Z
A
rij Stipijkl  SijklðxÞ
h i
rauxkl;1qdA ð45Þ
IthAþ ¼
Z
Aþ
rauxii a;1 T  T0ð Þ þ aT ;1½ qdA ð46Þ
IthA ¼
Z
A
rauxii a;1ðT  T0Þ þ aT ;1½ qdA ð47Þ
In order to discuss the inﬂuences of the discontinuity of the
mechanical and thermal properties on the interaction energy inte-
gral in Eq. (44), we deﬁne two types of interfaces: (1) Strong inter-
face: it means that there exists a jump of the properties on the
interface. Namely, the properties and their derivatives are both dis-
continuous on the interface; (2) Weak interface: it means the prop-
erties on both sides of the interface are continuous but their
derivatives of the properties are discontinuous. Then we will dis-
cuss whether or not the interaction energy integral in Eq. (44)
can still stand when the integral domain includes the discontinu-
ous properties caused by the interface.
(1) When the mechanical properties are discontinuous, it can be
seen from Eq. (44) that there are no derivative of the
mechanical properties included in each term of the interac-
tion energy integral. Therefore, Eq. (44) can be used to deal
with the discontinuous mechanical properties even if the
weak interface or strong interface exist.
(2) When the thermal properties are discontinuous, let’s discuss
the inﬂuence of thermal properties discontinuity on each
term in Eq. (44). Since the term Imechanical does not include
thermal properties, it still stands even if the strong or weak
interface exists. As for the other three terms IthAþ ; I
th
A , and
Iinterface.2T1T
a (a) When a weak interface exists, the value of thermal prop-
erties of the both sides are continuous, namely a1 = a2.
Therefore, the interface term Iinterface in Eq. (44) is equal
to zero. That isZ
Cinterface
rauxii a
s  ar ðT  T0Þ  cos hqdC ¼ 0 ð48Þ2
2
2
E
λ
α
1
1
1
E
λ
αThe terms IthAþ and I
th
A in Eq. (44) still stands because the
thermal properties and their derivatives are continuous
in either A+ or A. Thus, the modiﬁed interaction energy
integral in Eq. (44) can be use to computed the TSIFs if a
weak interface exist.o x
Fig. 4. Schematic of a plate with a crack normal to an interface.(b) When a strong interface exists, the thermal properties
and their derivatives are continuous, separately, in
domain A+ or A. Thus, IthAþ and I
th
A stand. Finally, sincethe interface item Iinterface of Eq. (44) does not contain
the derivative of thermal properties, it still stand even
if the derivative of the thermal property does not exist.
Thus, the modiﬁed interaction energy in Eq. (44) can
be use to computed the TSIFs if a strong interface exist.Therefore, the thermal fracture problems of materials with
weak or strong interface can be solved by the modiﬁed interaction
energy integral effectively.
In the computation of the I integral, the material properties are
ﬁrstly speciﬁed at Gauss points and the stress, strain and displace-
ment at the Gauss points can be computed. Then substituting these
results at Gauss points into the I integral, the interaction integral
can be easily calculated by using the regular Gauss numerical inte-
gral method.
3. Numerical examples
3.1. Veriﬁcation of the present method: validity
To test the validity of the method developed in the above sec-
tion, some crack problems in nonhomogeneous materials are con-
sidered. In Section 2, the interface term in the interaction energy
integral related to thermal properties have been obtained. In one
typical nonhomogeneous material, functionally graded coating
structures (FGCSs), the thermal expansion coefﬁcient is usually
continuous at the coating and substrate interface. Namely,
ar = as. Thus, it is easy to prove that the interface term of the
interaction energy integral becomes:
Iinterface ¼ 0 ð49Þ
Guo et al. (2008a) have studied some thermal fracture problems in
FGCSs. They considered the inﬂuence of some representative ther-
momechanical parameters on TSIFs in a FGCS. As shown in Fig. 4,
a FGCS of width W contains a crack normal to the interface. The
width of the functionally graded coating and homogeneous sub-
strate are all assumed to be 0.5W. E1, k1, a1 and E2, k2, a2 denote
the Young’s modulus, thermal conductivity and thermal expansion
coefﬁcients on the left and the right edges of the FGCS, respectively.
The properties of the coating are deﬁned as
Fig. 6. The normalized TSIFs varying with crack length for different ratios of
thermal conductivity.
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kðxÞ ¼ k1  eb xW ðx 6 0:5WÞ ð51Þ
aðxÞ ¼ a1  ed xW ðx 6 0:5WÞ ð52Þ
The properties of the homogeneous substrate are assumed to be
EðxÞ ¼ E2 ¼ E1  e0:5x ðx > 0:5WÞ ð53Þ
kðxÞ ¼ k2 ¼ k1  e0:5b ðx > 0:5WÞ ð54Þ
aðxÞ ¼ a2 ¼ a1  e0:5d ðx > 0:5WÞ ð55Þ
In this example, the mode-I crack problem is considered and the
one-dimensional thermal conduction is assumed (along x-direc-
tion). Poisson’s ratio m is assumed to be 0.33 in the FGCS. The tem-
peratures at the left and the right edges are deﬁned as T1 and T2,
respectively. The initial temperature is assumed to be T0. This
example is generalized plane strain. According to Eqs. (50)–(55), it
can be found that the material properties are continuous on the
interface.
It is necessary to point out that the normalized factor
K0 ¼ E1a1ðT2  T0Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
is selected when a uniform temper-
ature change happens and K0 ¼ E1a1ðT2  T1Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
is
adopted when a temperature difference between both free surfaces
happens in the example. Figs. 5 and 6 show the comparison of the
present results and the analytical results given by Guo et al.
(2008a). Fig. 5 gives the results for different ratios of thermal
expansion coefﬁcient under a uniform temperature increase.
Fig. 6 shows the results for different ratios of thermal conductivity
under a cooled left surface. It can be seen that the present results
agree well with those in Guo et al. (2008a). It indicated that the
present method is effective to obtain the TSIFs when the material
with a weak interface.
3.2. Veriﬁcation of the present method: Domain-independence
In order to verify the domain-independence of the present
interaction energy integral for strong interfaces, a numerical exam-
ple is proposed as follows. A nonhomogeneous plane of width W
and length L contains an edge crack of length a. There is a perfectly
bonded interface located at x = 0.5W. The properties on the left and
right half plates are E1, a1, k1, m1 and E2, a2, k2, m2, respectively. In
this example, the uniform temperature change T1 = T2 = 2T0 and
the normalized factor K0 ¼ E1a1ðT2  T0Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
are adopted.
The plate is under generalized plane strain conditions and the
other parameters are shown belowFig. 5. The normalized TSIFs varying with crack length for different ratios of
thermal expansion coefﬁcient.L=W ¼ 6; a=W ¼ 0:4; E2 ¼ 2E1; a2 ¼ 2a1; k2 ¼ 2k1;
m1 ¼ m2 ¼ m ¼ 0:33
In this example, we deﬁne Rtip as the edge length of the elements at
the crack tip and Rc as the radius of the referenced circular contour
CI by which the integral domain is determined. The integral domain
consists of the elements cut by CI and the elements surrounded by CI
which can be seen in Fig. 7(a).
Firstly, we keep Rc to be constant and verify the convergence of
the present method. We choose the different element numbers
NW  NL to be 11  66, 21  126, 41  246, 81  486, 101  606,
sequentially. And the results in Table 1 show that the differences
of the TSIFs corresponding to different element numbers are all
within ±0.12% when NW  NL increase from 21  126 to 101  606.
Next, let’s keep NW  NL = 41  246 and check the domain-
independence of the present method. Seven domains (Rc/Rtip =
3,4,6,8,10,12,14) as shown in Fig. 7(b) are selected to verify the
domain-independence of the interaction energy integral. Table 2
shows the TSIFs computed for different integral domains. In Table
2, the maximum relative error of the TSIFs computed for different
Rc/Rtip is less than 0.1%. It can be seen that the computed TSIFs are
almost same whether the integral domain intersects the interface
(when Rc/Rtip > 4) or not (when Rc/Rtip 6 4). This example veriﬁes
the domain-independent of the present interaction energy integral
proved in Section 2.2. Therefore, the present interaction energy
integral method is effective and convenient for computing the
TSIFs in the material with strong interfaces. Due to the domain-
independence of interaction integral, Rc/Rtip = 8 is set to determine
the contour sizes for all the examples.
3.3. Inﬂuences of the discontinuity of material properties on the TSIFs
Due to the domain-independence of the present interaction
energy integral, the TSIFs of the material with interface can be
obtained effectively from an arbitrary integral domain containing
interfaces. In this section, some inner crack problems are consid-
ered to study the inﬂuences of material property discontinuity on
the TSIFs in this section. Fig. 8 shows a nonhomogeneous plane
with an inner crack. In this model, the symbols A and B denote
two crack tips of the crack, a is the half crack length and c denotes
the x-coordinate of the crack center. The temperature boundary of
the example is assumed to be T1 = T2 = 20T0 and the normalized
factor is selected as K0 ¼ E1a1ðT2  T0Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
in plane strain.
The following data are used for numerical analysis
Fig. 7. Integral domains around the crack tip: (a) selection of the integral domain, (b) different integral domains for Rc /Rtip = 3,4,6,8,10,12,14.
Table 1
TSIFs for different element numbers.
Element number
(NW  NL)
11  66 21  126 41  246 81  486 101  606
KI/K0 0.21777 0.21594 0.21595 0.21615 0.21619
Table 2
TSIFs for different integral domains.
Rc/Rtip 3 4 6 8 10 12 14
KI/K0 0.21578 0.21582 0.21591 0.21594 0.21596 0.21597 0.21598
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Fig. 8. An inclined crack in a nonhomogeneous plane with an interface.
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Fig. 9. Schematic of three cases of different properties on the both sides of the
interface.
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In order to study the inﬂuence of the thermal expansion coefﬁcient
on the TSIFs, three cases of the thermal expansion coefﬁcient a are
adopted
Case 1 : aðxÞ ¼ a1  e2dx ð56Þ
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Fig. 11. The normalized mode-I TSIFs KI(B)/K0 vary with c/W when 2a/W = 0.2 and
h = 0 for different a.
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0.3 0.4 0.5 0.6 0.7
-0.12
-0.10
-0.08
-0.06
-0.04
-0.02
0.00
θ 0
K I
(A
)/K
0
c/W
 Case1
 Case2
 Case3
K I
(B
)/K
0
(a)                  
Fig. 13. The normalized mode-I TSIFs vary with c/W when 2a
362 L. Guo et al. / International Journal of Solids and Structures 49 (2012) 355–365Case 2 :
aðxÞ ¼ a1  e2dx ðx 6 0:5WÞ
aðxÞ ¼ a1  ed ðx > 0:5WÞ
(
ð57ÞCase 3 :
aðxÞ ¼ a1  e2dx ðx 6 0:5WÞ
aðxÞ ¼ 5a1 ðx > 0:5WÞ
(
ð58Þ
In Case 1, the thermal expansion coefﬁcient and its derivatives on
the interface are continuous. In Case 2 the thermal expansion coef-
ﬁcient is continuous on the interface but its derivatives are discon-
tinuous. It can be called weak interface mentioned in Section 2.2. In
Case 3, the thermal expansion coefﬁcient is discontinuous on the
interface, which means the interface is a strong interface for ther-
mal expansion coefﬁcient. The above three cases of thermal expan-
sion coefﬁcient are shown in Fig. 9. It is necessary to point out that
when the crack tip is just on the interface or very close to it, the
stresses lose the inverse square root singularity (Hutchinson and
Suo, 1992). So we restrict the distance from the crack tip to the
interface to be no less than 2% of the half crack length in numerical
calculations. By using the present method, the TSIFs for different
c/W can be obtained. The results are shown in Figs. 10 and 11. It
can be seen that the results in Case 1 and Case 2 show smooth
changes with the variation of the c/W. However, in Case 3, normal-
ized TSIFs vary with the increasing of c/W as follows: (1) when
c/W < 0.4 and the crack tip B is not very close to the interface, both
KI(A)/K0 and KI(B)/K0 experience a normal increasing; (2) When the
crack tip B is close to the interface, KI(A)/K0 varies slightly, but
KI(B)/K0 increases to a maximum value when the crack tip B ap-
proaches the interface (c/W  0.4) and then, decreases quickly after
the crack tip B passes the interface; (3) Between 0.4 6 c/W 6 0.6 in
which the crack intersects the interface, the normalized SIFs vary
dramatically. It implies the material mismatch can affect the crack
tip ﬁelds greatly; (4) After the crack tip B passes the interface,
KI(A)/K0 decrease very quickly when the crack tip A approaches
the interface (c/W  0.6); (5) After the crack tip A passes the inter-
face (c/W > 0.6), both A and B lie in the same material and the effect
of material mismatch becomes slight so that KI(A)/K0 and KI(B)/K0
increase together. In brief, when the crack tip passes the interface,
the SIFs usually have great variations. It indicates that the mismatch
of the thermal expansion coefﬁcient may affect the TSIFs greatly.
In order to study the inﬂuence of the thermal conductivity dis-
continuity on the TSIFs, three cases of the thermal conductivity k
on the two sides of the interface are adopted. The temperature
boundary of the examples is assumed to be T1 = T0 at the left edge0.3 0.4 0.5 0.6 0.7
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K0 ¼ E1a1ðT2  T1Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
in plane strain. The other proper-
ties are assumed to be uniform in the plane. Namely E2 = E1,
a2 = a1, and m2 = m1 = v. The thermal conductivities are deﬁned asCase 1 : kðxÞ ¼ k1  ebx ð59Þ
Case 2 :
kðxÞ ¼ k1  ebx ðx 6 0:5WÞ
kðxÞ ¼ k1  e0:5b ðx > 0:5WÞ

ð60Þ
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kðxÞ ¼ k1  ebx ðx 6 0:5WÞ
kðxÞ ¼ 5k1 ðx > 0:5WÞ

ð61Þ
where b = 2 ln (2)/W. It can be seen that Case 3 denotes a strong
interface for thermal conductivity. These three cases of thermal
conductivity are shown in Fig. 9. Fig. 12 shows the temperature
ﬁelds for different thermal conductivities and Fig. 13 shows the
TSIFs corresponding to different thermal conductivities. It can be
seen that the inﬂuence of the thermal conductivity on temperature
ﬁelds is obvious. The discontinuity of the thermal conductivity
leads to a kinking behavior on the temperature curve, while it can
be found that the curves of the TSIFs vary smoothly for all three
cases. It can be indicate that the mismatch of the thermal conduc-
tivity affect the TSIFs slightly.
Next, the inﬂuence of the discontinuity of the Young’s modulus
on the TSIFs will be discussed. The temperature boundary is as-
sumed to be T1 = T2 = 20T0 and the normalized factor is selected
as K0 ¼ E1a1ðT2  T0Þ=ð1 mÞ
ﬃﬃﬃﬃﬃﬃ
pa
p
in plane strain. The properties
are chosen as k2 = k1, a2 = a1  exx, m2 = m1 = m and three cases of E
are deﬁned as
Case 1 : EðxÞ ¼ E1  exx ð62Þ
Case 2 :
EðxÞ ¼ E1  exx x 6 0:5Wð Þ
EðxÞ ¼ E1  e0:5x ðx > 0:5WÞ

ð63ÞCase 3 :
EðxÞ ¼ E1  exx ðx 6 0:5WÞ
EðxÞ ¼ 5E1 ðx > 0:5WÞ

ð64Þ
where x = 2 ln (2)/W. It can be seen that Case 3 denotes a strong
interface for Young’s modulus. Fig. 14 shows the TSIFs for the three
cases of Young’s modulus. It can be seen that Case 1 and Case 2
show a smooth change with the variation of the c/W. The discontin-
uous Young’s modulus (Case 3) can bring obvious change of TSIFs
near the interface. It can be found that the mismatch of the Young’s
modulus can affect the TSIFs greatly. The similar effects have been
observed in Yu et al. (2009) for pure mechanical loading.
An inclined crack example is specially designed to study mixed-
mode crack problem. For the sake of maintaining the equivalence
of thermal and mechanical loads, it is assumed that the tempera-
ture ﬁled is not affected by the existence of the crack and identical
to that for the uncracked plane (Kim and KC, 2008). The same mod-
el shown in Fig. 8 is adopted. Crack length is chosen as 0.2W. The
inclined angles h = p/3 and h = p/6 will be discussed. Here, only
the inﬂuences of thermal expansion coefﬁcient on the TSIFs are
considered. The deﬁnitions of the thermal expansion coefﬁcients
in Eqs. (56)–(58) are adopted here and other material properties
are m = 0.33, E(x) = E1  edx,k(x) = k1  edx and d = ln (2)/W.
Figs. 15 and 16 show that the normalized TSIFs vary with the
crack center coordinate c/W when h = p/3 and h = p/6. It can be
seen that the varying trends of the TSIFs for different crack angle
L. Guo et al. / International Journal of Solids and Structures 49 (2012) 355–365 365are same as those in Figs. 11 and 12 for h = 0. And the mode-II TSIFs
experience the same behaviors as the mode-I TSIFs. From these ﬁg-
ures, it indicates that the mismatch of the thermal expansion coef-
ﬁcient can affect the mixed-mode TSIFs greatly.4. Conclusion and discussion
In this paper, a modiﬁed interaction energy integral is proposed
to obtain the thermal stress intensity factors (TSIFs) in nonhomo-
geneous materials containing interfaces. The IEIM is proved to be
domain-independent even when the integral domain intersects
the interface of thermomechanical properties. Thus, the applicable
ranges of the modiﬁed IEIM become wider than the previous IEIM.
Numerical examples are presented to verify the accuracy of the
present method and the results show good agreement with the
analytic solutions. It can be found that the present method is effec-
tive to analyze the thermal fracture problems of nonhomogeneous
materials even the materials have an interface.
The inﬂuences of the material discontinuity on mixed-mode
TSIFs are investigated in this paper. When the materials have no
strong interface (Case 1 and Case 2), the TSIFs show a smooth
change when the crack tip is close to the interface. When the mate-
rials have a strong interface (Case 3), the TSIFs will change dramat-
ically when the crack tip is close to the strong interface for thermal
expansion coefﬁcient or Young’s modulus, while the strong inter-
face for thermal conductivity will not involve the dramatic change
of TSIFs.
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Appendix A
In the auxiliary ﬁelds, the representative functions are
(Williams, 1957)
f I1 ¼
1
2ltip
ﬃﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
jtip  1þ 2 sin2 h2
	 

f II1 ¼
1
2ltip
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gI12 ¼ gI21 ¼ gII22; gII12 ¼ gII21 ¼ gI11:References
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